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Abstract Applying the Hamilton–Jacobi method, we investigate the Hawking radiation as
tunneling from the non-stationary Vaidya–Bonner black hole by considering the unfixed
background space-time and self-gravitational interaction. The result shows the actual radia-
tion spectrum deviates from the purely thermal one and the tunneling rate is related not only
to the change of Bekenstein–Hawking entropy but also to the integral to the black hole mass
and charge. This implies information loss is possible.
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At the beginning of 1970s, Stephen Hawking put forward and proved the existence of the
thermal radiation of black holes [5, 6], which plays a great role on the further cognition
and research on black holes. Since the background space-time is treated as fixed and energy
conservation, charge conservation and angular momentum conservation weren’t taken into
account, the derived Hawking radiation spectrums in the subsequent researches are purely
thermal [4, 12, 18, 21]. The Hawking radiation is factually a quantum tunneling procedure,
the derived spectrum in the really tunneling procedure should be not purely thermal and
its tunneling rate is related with the change of Bekenstein–Hawking entropy. This is men-
tioned in Refs. [15–17], where the energy conservation and the self-gravitation interaction
were taken into account. Besides, a significant technique is to introduce the Painlevé coordi-
nate transformation so as to eliminate the coordinate singularity. Then it becomes relatively
rather convenient to research the Hawking tunneling radiation of black holes. According
to their method, much efforts has been made to the Hawking tunneling radiation in static
and stationary cases, such as Hemming and Keski-Vakkuri to the anti-de Sitter background
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space-time [8], Medved to the de Sitter background space-time [13] and Zhao, Zhang and
Yang to the stationary axisymmetric space-times [19, 23]. In 2005, Zhang and Zhao ex-
tended the method further to the particle with mass and charge [23–26]. However, these re-
searches focus on discussing the Hawking tunneling radiation of static and stationary black
holes [3, 11, 20], while the non-stationary case has been still without deep researched. It’s
well known that, the absorption and evaporation of the black hole causes that its parameters
as mass etc. aren’t constant instead of changing with time. Then, generally speaking, black
holes should be non-stationary and to research the Hawking tunneling radiation of the black
hole is rather meaningful.

In this paper, the Hawking radiation as tunneling from the non-stationary and spherically
symmetric Vaidya–Bonner black hole is studied by the Hamilton–Jacobi method. Firstly the
action of the radiation particle is obtained according to the exact solution method. Then
considering the self-gravitation interaction as well as conservation of energy and charge to
study its action, we use WKB approximation to obtain the particle’s tunneling rate. The
result shows its radiation spectrum isn’t purely thermal and the tunneling rate is related not
only to the change of Bekenstein–Hawking entropy but also to the integral to the black hole
mass and charge.

The line element of the non-stationary Vaidya–Bonner black hole [2] represented in ad-
vanced Eddington coordinates is given by

ds2 = −
(

1 − 2M(v)

r
+ Q2(v)

r2

)
dv2 + 2dvdr + r2(dθ2 + sin2 θdϕ2), (1)

with the electromagnetic potential Aμ = (Q(v)

r
,0,0,0), where M(v) and Q(v) represent

the mass and charge of the black hole changes with time respectively. When Q(v) = 0,
the non-stationary Vaidya–Bonner black hole is reduced to the Vaidya black hole. The line
element is different from that of the stationary sphere symmetrically charged black hole and
the coordinate singular isn’t existed. The event horizon and entropy of the black hole are
respectively

rh = M(v) + √
M2(v) − Q2(v)(1 − 2ṙh)

1 − 2ṙh

, S = πr2
h, (2)

where ṙh = ∂rh
∂v

denotes the event horizon changes with time. Due to this change, it isn’t
convenient to discuss the Hawking radiation of the Vaidya–Bonner black hole. An effec-
tive approach to discuss the Hawking radiation should be in a motion coordinate system.
Besides, that the timelike limit surface doesn’t coincide with the event horizon also causes
some discommodious to the research. Ordering � = (1 − 2ṙh)r

2 − 2M(v)r + Q2(v) and
introducing the following motion coordinate system

R = r − rh(v), dR = dr − ṙhdv, (3)

we can get

ds2 = −�r−2dv2 + 2dvdR + r2(dθ2 + sin2 θdϕ2). (4)

In which the metrics satisfy Landau’s condition of the coordinate clock synchronization,
which is helpful to study the Hawking radiation of the black hole. Meanwhile, the event
horizon and timelike limit surface are coincident with each other, which imply the geometry
optics limit can be relied here. Adopting the WKB approximation [9, 10], we can get the
relationship between the tunneling rate and imaginary part of the radiation particle’s action
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as Γ ∼ e−2 Im I . In the discussion of the Hawking radiation, it is important to derive the ac-
tion. There are two methods to get it, namely radial geodesic method and Hamilton–Jacobi
method. The radial geodesic method was put forwarded by Parikh and Wilczek and exten-
sively applied to the studies of the Hawking radiation of static and stationary black holes.
In this method [15–17], in order to get the action, one has to introduce a Painlevé coordi-
nate system and explore the motion equation of the radiation particle. Moreover, massless
and massive particles should be differentiated for their motion equations are different. The
second method was developed in 1990s and mainly adopted to investigate the non-thermal
radiation [1, 14]. The virtue consists in one can get not only the particle’s action of the
stationary but also that of non-stationary black holes by this method. In this paper, consider-
ing the properties of the non-stationary black hole, we use the Hamilton–Jacobi method to
obtain the action. Now we turn to the Hamilton–Jacobi method.

The classical action of the radiation particle satisfies relativistic Hamilton–Jacobi equa-
tion, namely

gμν(∂μI + qAμ)(∂νI + qAν) + u2 = 0. (5)

In which u,q, I and gμν are the mass, charge, action of the radiation particle and the inverse
metric tensors derived from the line element (4) respectively. Substituting them into the
Hamilton–Jacobi equation yields

2(∂vI + qAt)∂RI + �r−2(∂RI)2 + r−2(∂θ I )2 + (r sin θ)−2(∂ϕI )2 + u2 = 0. (6)

Obviously, it is difficult to solve the action I for it is a function of v,R, θ and ϕ. Considering
the properties of the black hole space-time, we carry on the separation of variables as

I = W(v,R) + H(θ) + Y (ϕ) (7)

and let ∂vI = ∂vW(v,R) = −ω. So (6) becomes

−2(ω − qAt)∂RW(v,R) + �r−2[∂RW(v,R)]2 + r−2[∂θH(θ)]2

+ (r sin θ)−2[∂ϕY (ϕ)]2 + u2 = 0, (8)

which is an equation about W(v,R),H(θ) and Y (ϕ), but our real interest is the expression
of W(v,R). Solving it, we have

W(v,R) =
∫ (ω − qAt ) +

√
(ω − qAt )2 − �r−2[r−2(∂θH(θ))2 + (r sin θ)−2(∂ϕY (ϕ))2 + u2]

(1 − 2ṙh)r2 − 2M(v)r + Q2(v)
r2dR

= πi
r2
h(ω − qAh)√

M2(v) − Q2(v)(1 − 2ṙh)
, (9)

where Ah = Q(v)

rh
denotes the electromagnetic potential at the event horizon. From (9) and

(7), we can get the imaginary part of the action as

Im I = πr2
h(ω − qAh)√

M2(v) − Q2(v)(1 − 2ṙh)
. (10)

Clearly, the tunneling rate of the radiation particle can be obtained. However, we find the
radiation spectrum only is the leading term, which isn’t accordant with recent researches.



2926 Int J Theor Phys (2007) 46: 2923–2927

This is because the self-gravitational interaction and unfixed background space-time weren’t
taken into account. Now let’s considered these and move on discussing the Hawking radi-
ation of the black hole. In this paper, note the particle with energy ω and charge q tunnels
across the event horizon in from of S-wave. When the particle tunnels out, the energy and
charge of the black hole will become as M(v) − ω and Q(v) − q .

In this paper, we consider the following case, namely the tunneling radiation in a short
time �v (�v expresses the time that a particle tunnels across the potential barrier). Since
that the particle tunnels across the barrier is an instantaneous process, the time �v is infinity
short. Therefore we can suppose it’s too late for other particles to be absorbed or evaporated
by the black hole in this time. Although the black hole is non-stationary and the mass and
charge et al. parameters change with time, these parameters should be certain in the time
�v. In this time, and then we can study the tunneling radiation of the non-stationary Vaidya–
Bonner black hole following the case of stationary black holes. Taking the self-gravitational
interaction into account, we can obtain the imaginary part of actual action as

Im I = π

(ω,q)∫
(0,0)

r ′2
h (dω′ − A′

hdq ′)√
(M(v) − ω′)2 − (Q(v) − q ′)2(1 − 2ṙ ′

h)

= −πr ′
h

(M(v)−ω,Q(v)−q)∫
(M(v),Q(v))

r ′
hdM ′ − Q′dQ′√

M ′2 − Q′2(1 − 2ṙ ′
h)

, (11)

where

M ′ = M(v) − ω′, Q′ = Q(v) − q ′, A′
h = Q(v) − q ′

r ′
h

, ṙ ′
h = ∂r ′

h

∂v
,

r ′
h = [M(v) − ω′] + √[M(v) − ω′]2 − [Q(v) − q ′]2(1 − 2ṙ ′

h)

1 − 2ṙ ′
h

. (12)

Since ṙh is the function of M(v),Q(v) and rh, it is very difficult to get the result from (11)
by direct integral. From the entropy of the black hole, S = πr2

h , we have

dS = 2πrh

[
rhdM − QdQ√

M2 − Q2(1 − 2ṙh)

+
(

Q2

(1 − 2ṙh)
√

M2 − Q2(1 − 2ṙh)
+ 2rh

1 − 2ṙh

)(
∂ṙh

∂M
dM + ∂ṙh

∂Q
dQ

)]
. (13)

Comparing (11) with (13), there is

Im I = −�SBH

2

+ πr ′
h

(M(v)−ω,Q(v)−q)∫
(M(v),Q(v))

(
Q′2

(1 − 2ṙ ′
h)

√
M ′2 − Q′2(1 − 2ṙ ′

h)
+ 2r ′

h

1 − 2ṙ ′
h

)

×
(

∂ṙ ′
h

∂M ′ dM ′ + ∂ṙ ′
h

∂Q′ dQ′
)

, (14)
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where �SBH = SBH [M(v)−ω,Q(v)−q]−SBH [M(v),Q(v)] is the change of Bekenstein–
Hawking entropy. So the tunneling rate is

Γ ∼ e−2ImI

= exp

[
�SBH − 2πr ′

h

(M(v)−ω,Q(v)−q)∫
(M(v),Q(v))

(
Q′2

(1 − 2ṙ ′
h)

√
M ′2 − Q′2(1 − 2ṙ ′

h)
+ 2r ′

h

1 − 2ṙ ′
h

)

×
(

∂ṙ ′
h

∂M ′ dM ′ + ∂ṙ ′
h

∂Q′ dQ′
)]

. (15)

Obviously, the radiation spectrum deviates from the purely thermal one and the tunneling
rate is related to two parts: one part is the change of Bekenstein–Hawking entropy; another
part is related to the integral to the black hole mass and charge. Our result doesn’t satisfy
the unitary theory and is different from the Parikh and Wilczek’s result.

In summary, considering the unfixed background space-time and self-gravitational in-
teraction, we have discussed the Hawking radiation of the Vaidya–Bonner black hole by
Hamilton–Jacobi method. The result isn’t in accordance with Parikh and Wilczek’s re-
sult and implies the information loss is possible, which support the view of information
loss [7, 22].
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